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The phase delay through a stratified atmosphere

The first step is to write the number density as:
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Then we can integrate the number density along the line of sight:
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and make the usual substitution that
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so
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We can perform this integral. Take them piece by piece. First the leading term.
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For the cos and sin terms, first define two integrals:
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and also note that
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Putting it all together, we get
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and, similarly, phase delay () is 
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Some Fourier and Bessel Transforms

We use the notation of Goodman 1968, except we use i where he uses j, and we don't bold-face complex-values functions, and we 

First, some definitions regarding 2-D Fourier transforms.
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The frequencies fx and fy are in cycles/s (not radians/s), so the frequencies are 1/period.

If g is radially symmetric, then these can be written as Fourier-Bessel transforms, using the relations
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and the integral definition of the zeroth Bessel function
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we get



[image: image15.wmf]
(4)

Let's do one in particular:
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Wave optics and the atmospheric phase screen

Now, we follow French and Lovelace 1983 (FR83) and write the point source wave amplitude at the reference screen as
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and the point source wave amplitude at the Earth is
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where rf2 = D,  is the wavelength, and D is the planet-Earth distance. 

For now, we'll ignore the essential sphericity of the system, and assume that all the variation that we care about is in the x direction, or Es = Es(x')
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Then we can break (2) into two integrals. 
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The y integral becomes 
[image: image21.wmf]. Since we multiply E* E to get the intensity, the y integral multiplies to unity. The x integral is the one we're going to worry about.
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Integration tricks

In general, the trick to the integrals that arise in optic is to concider the complex plane. Here we integrate over z = x + iy. We have two complex function, g(z) and f(z) = u(x, y) + iv(x, y).  The method of stationary phase says that 
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if the integral starts at a saddle point z0 (where df/dz = 0) and runs to infinity along a path where v(x, y) = constant. 

As an example, we can reproduce 
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Method of Stationary Phase, and the Occultation Integral

In general, we can write the phase delay in terms of x, where x is some level in the atmosphere (for the isothermal case, x = half-light radius).
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We can write the energy field at the shadow plane as



[image: image26.wmf]
(10)

where we follow Elliot and Young (1992) by using roman variables for the planet plane and Greek variables for the shadow plane.

Now, in general, we can treat this integral by the method of stationary phase as well:
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We can interpret this last statement in terms of the bending angle, .
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and continue with the stationary phase analysis
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and, in the final step, we go ahead and (i) multiply the stationary phase expression by 2, since we're running from the stationary point to infinity in both directions, and (ii) go ahead and square the expression.
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This reproduces the geometric optics result!  What's more, we can relate this to the isothermal case. At half light (xh), we have
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There is a serious drawback here. The solution to (12) is transcendental. Worse still, it's possibly multivalued. How to find all the zeros? So, try another approach.

Convolution

Start with the equation for the wave amplitude at the observer. This time, instead of using the form from FR83, use the form from Goodman 1968 (G68). Note that the amplitude of the definitions are identical.



[image: image32.wmf]
(10)

and write this as a convolution.
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Rescaling the Propagation Integral
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Expand the phase
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Some wavelets

Some definitions
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Following Yamada and Ohkitani 1991, but following the notation of Chui 1992
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